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Abstract

We study the estimation of portfolio tail-risk metrics, Value at Risk (VaR) and Condi-
tional Value at Risk (CVaR), from two equity log-price time series (AAPL and MSFT). The
data exhibit an irregular trading-day-like calendar, a contiguous missing block for MSFT in
the raw row order (terminal in the table layout), moderate positive cross-asset dependence
on the overlapping window, and substantial non-Gaussianity in empirical log returns. We
implement a classical baseline that �ts a bivariate Gaussian model to aligned per-day log
returns and estimates VaR/CVaR at the 95% and 99% con�dence levels via Monte Carlo
simulation. In parallel, we demonstrate a quantum-inspired work�ow in which the �tted
Gaussian is discretized on a small grid, the resulting probability mass function is loaded
into a quantum state, and tail probabilities and tail expectations are estimated with a QFT-
free, iterative amplitude-estimation routine (maximum-likelihood estimation over Grover
powers) executed on the PennyLane state-vector simulator. On the chosen discretization
(three qubits per asset, 8×8 grid) and shot budget (2000 shots per circuit), the quantum es-
timates are close to the Monte Carlo baselines at 95% con�dence and show larger deviations
at 99%, consistent with discretization and �nite-shot e�ects.

1 Introduction

Measuring and managing the probability and severity of extreme portfolio losses is a central
task in quantitative risk management. Two commonly used tail-focused summaries are Value
at Risk (VaR) and Conditional Value at Risk (CVaR, also known as Expected Shortfall), which
quantify, respectively, a high quantile of the loss distribution and the average loss beyond that
quantile [20, 8, 9]. Classical estimation pipelines frequently rely on Monte Carlo simulation under
parametric or nonparametric return models [10, 29]. Quantum amplitude estimation (QAE) is
a canonical algorithmic primitive that, under coherent oracle access assumptions, can provide
a quadratic improvement in the precision scaling of Monte Carlo-style expectation estimation
[2, 3]. QAE and its iterative or maximum-likelihood variants have been proposed for �nancial
applications, including risk analysis [6, 4, 5].

This report combines exploratory data analysis, algorithmic considerations, and an end-to-
end implementation on a quantum simulator for the problem of estimating VaR and CVaR of an
equal-weight AAPL/MSFT portfolio. Because the empirical return distributions display heavy
tails and volatility clustering [19, 32, 30], we emphasize that Gaussian modeling is a simplifying
assumption used here to provide a well-de�ned baseline and to match the discretized quantum
demonstration.
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(a) Return histograms. (b) Gaussian QQ-plots.

Figure 1: Diagnostics for per-day log returns. Large deviations from normality motivate caution
when using Gaussian baselines for tail-risk estimation.

2 Dataset and exploratory analysis

2.1 Raw data structure and missingness

The dataset contains 9909 observations and four �oating-point columns: time in days and log
price for each asset. AAPL is observed over the full horizon, while MSFT contains 1325 missing
rows (13.37%), concentrated in one contiguous block at the end of the raw table. In calendar
time, MSFT starts later than AAPL; therefore, portfolio-level modeling should focus on the
overlapping window, and missingness handling is primarily an alignment decision rather than
sporadic imputation.

2.2 Time grid and return de�nition

Both time axes are strictly increasing and show typical step sizes of one day, with frequent
multi-day gaps consistent with weekends and holidays. Because ∆t is not always exactly one,
we de�ne per-day log returns via

rt =
∆ logPt

∆t
=

logPt − logPt−∆t

∆t
, (1)

which normalizes return increments by the time step and reduces sensitivity to irregular sam-
pling.

2.3 Alignment, dependence, and non-Gaussianity

Per-day returns for AAPL and MSFT are computed on their native time grids and then inner-
joined on rounded time stamps (three decimals), yielding 8583 aligned paired returns. The
resulting empirical correlation is approximately ρ ≈ 0.389, indicating moderate positive depen-
dence. Both series exhibit signi�cant deviations from Gaussianity, with AAPL in particular
showing strong negative skewness and extremely high excess kurtosis, consistent with stylized
facts of equity returns [19, 32]. Figure 1 illustrates the heavy-tailed behavior using histograms
and Gaussian QQ-plots.
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3 Problem setup and risk measures

Let r ∈ R2 denote the vector of per-day asset returns and let w = (0.5, 0.5) be the equal-weight
portfolio. The portfolio return is Rp = w⊤r and we de�ne the loss as L = −Rp. For a con�dence
level α ∈ (0, 1), VaR and CVaR (Expected Shortfall) are de�ned as

VaRα(L) = inf{ℓ ∈ R : P(L ≤ ℓ) ≥ α}, (2)

CVaRα(L) = E[L |L ≥ VaRα(L)], (3)

with CVaR providing a coherent alternative to VaR in many settings [9, 8].

4 Methods

4.1 Classical baseline: Gaussian model and Monte Carlo

On the aligned return pairs, we �t a bivariate Gaussian model with mean vector µ and covariance
matrix Σ. Losses are then sampled by drawing r ∼ N (µ,Σ) and computing L = −w⊤r. VaR is
estimated by empirical quantiles and CVaR by averaging losses exceeding VaR. This approach
is a standard Monte Carlo baseline [10] and provides a reference for later comparisons.

4.2 Quantum path: discretization, state preparation, and amplitude estima-

tion

Discretized distribution. To construct a �nite-dimensional quantum state, the �tted Gaus-
sian distribution is discretized on an 8 × 8 grid spanning µi ± 5σi for each asset dimension,
where σi are marginal standard deviations. The joint probability mass function is approximated
by evaluating the Gaussian density on the grid and multiplying by the cell area, followed by
normalization.

State preparation. Let px denote the discretized probabilities over N = 64 grid points. We
prepare

|ψ⟩ =
N−1∑
x=0

√
px |x⟩ (4)

using amplitude embedding on n = 6 data qubits (three per asset). In general, distribution
loading is a key cost driver in quantum Monte Carlo work�ows [11, 43].

Payo� encoding for tail probability and tail expectation. For a loss threshold ℓ, de�ne
the tail indicator gℓ(x) = 1[L(x) ≥ ℓ]. Tail probabilities take the form a(ℓ) = E[gℓ(X)] =
P(L ≥ ℓ). To estimate CVaR we also require a tail-loss numerator, which can be written as
an expectation E[L(X)1[L(X) ≥ ℓ]]. In the implementation, such expectations are encoded
by applying, conditional on x, an ancilla rotation that maps |0⟩ 7→

√
1− g(x)|0⟩ +

√
g(x)|1⟩;

measuring the ancilla yields a Bernoulli random variable with success probability E[g(X)].

Grover operator and QFT-free amplitude estimation. Given a state-preparation and
payo� operator A such that

A|0⟩⊗(n+1) =
√
1− a|Φ0⟩|0⟩+

√
a|Φ1⟩|1⟩, (5)

QAE estimates a using Grover-style re�ections and repeated applications of a Grover iterate
Q [1, 2]. Instead of phase estimation, we use a QFT-free strategy in the spirit of maximum-
likelihood amplitude estimation [4], in which circuits with m ∈ {0, 1, 2, 4} Grover powers are
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Table 1: Key con�guration parameters for the baseline and simulated QAE experiments.

Quantity Value

Aligned paired returns 8583
Portfolio weights (w1, w2) (0.5, 0.5)
Con�dence levels α 0.95, 0.99
Monte Carlo samples 200,000
Discretization grid 8× 8
Qubits per asset 3
Shots per circuit 2000
Grover powers m 0, 1, 2, 4
Bounds for discretization µ± 5σ

sampled and the amplitude parameterization a = sin2 θ is �t by maximizing the likelihood of
observing ancilla outcomes with probabilities sin2((2m + 1)θ). This procedure is related to
iterative amplitude estimation approaches that avoid deep QFT circuits [5, 13].

Recovering VaR and CVaR. VaR at con�dence α is obtained by searching for a threshold
ℓ whose estimated tail probability matches 1 − α. Once a VaR estimate is obtained, CVaR is
computed as

CVaRα ≈ E[L1(L ≥ VaRα)]

P(L ≥ VaRα)
, (6)

where both numerator and denominator are estimated by amplitude estimation on appropriately
encoded payo�s.

5 Experimental con�guration

The classical and quantum routines were executed on a local simulator. The Monte Carlo
baseline used 200,000 samples. The quantum simulation used three qubits per asset (six data
qubits total), a single payo� ancilla, and 2000 shots per circuit; Grover powers were chosen as
m ∈ {0, 1, 2, 4}. All quantum circuits were executed on the PennyLane default.qubit simulator
[17].

6 Results

6.1 Baseline Monte Carlo estimates

Under the �tted bivariate Gaussian model, the Monte Carlo baseline yields the tail-risk estimates
reported in Table 2. These values should be interpreted as risk under a Gaussian return model;
the EDA indicates heavier empirical tails, implying potential model risk [19, 20].

6.2 Simulated QAE estimates and comparison

Table 2 also reports the simulated QAE estimates. At 95% con�dence, the relative errors versus
the Monte Carlo baseline are about 2.3% for VaR and 0.7% for CVaR. At 99% con�dence the
deviations are larger (about 10.1% for VaR and 5.8% for CVaR), re�ecting the combined e�ects
of coarse discretization and �nite-shot amplitude estimation in the deeper tail.
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Table 2: Tail-risk estimates for the equal-weight AAPL/MSFT portfolio loss. �Quantum� refers
to the discretized Gaussian model evaluated with a QAE-like amplitude-estimation routine on
a simulator. Relative error is computed with respect to the Monte Carlo baseline.

Metric Baseline MC Quantum (sim.) Abs. di�. Rel. error

VaR0.95 0.030012 0.029328 -0.000683 2.28%
CVaR0.95 0.037797 0.037549 -0.000248 0.66%
VaR0.99 0.042770 0.047072 0.004302 10.06%
CVaR0.99 0.049156 0.046311 -0.002845 5.79%

(a) Loss distribution.
(b) Exact tail probability curve on the discretized
grid.

Figure 2: Diagnostics for the �tted Gaussian model and its discretized approximation used by
the amplitude-estimation circuits.

6.3 Discretization e�ects

The discretized model induces approximation error relative to the continuous �tted Gaussian. In
particular, quantile de�nitions on a �nite grid can be sensitive to how thresholds are chosen: the
discrete VaR obtained from the cumulative distribution function may di�er from the threshold
that achieves a target tail probability when the threshold is allowed to lie between grid loss
values. This phenomenon is most pronounced at 95% con�dence for the coarse 8×8 grid, and it
highlights the importance of resolution selection and careful quantile conventions when mapping
classical risk measures to �nite-dimensional quantum oracles.

7 Complexity and scaling discussion

Classical Monte Carlo estimation of tail probabilities and expectations converges with root-mean-
square error O(1/

√
N), implying that achieving accuracy ε typically requires N = Θ(1/ε2)

samples [10, 34]. In contrast, QAE achieves an oracle-query complexity scaling of O(1/ε) in
idealized settings [2, 3], and iterative/QFT-free variants reduce circuit depth requirements [5, 4].
Figure 3 summarizes the asymptotic scaling behavior.

In the present experiment, the quantum work�ow is slower in wall-clock time than the classi-
cal Monte Carlo baseline because state-vector simulation and explicit payo�-unitary construction
dominate runtime. These costs do not negate the theoretical scaling of QAE, but they emphasize
that practical advantage depends on e�cient state preparation, compact oracles, and su�ciently
low noise, which are challenging in the NISQ regime [16, 15].
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Figure 3: Reference scaling comparison between classical Monte Carlo and QAE-style estimators.
The quantum advantage refers to the number of coherent oracle calls as a function of target
precision, not end-to-end wall-clock time in a simulator.

8 Limitations and future outlook

The reported values are conditional on a Gaussian model for joint returns and on an aggressive
discretization to keep the quantum simulation tractable. Empirically, the data show heavy tails
and volatility clustering, suggesting that more realistic risk estimation may require heavier-tailed
marginals, time-varying volatility models, or copula-based dependence structures [19, 30, 20].
From a quantum-algorithmic perspective, improving accuracy would require increasing dis-
cretization resolution (more qubits) and allocating more shots or adopting tighter amplitude-
estimation schedules, which in turn increases circuit depth and sensitivity to noise. Near-term
hardware demonstrations may therefore rely on error-mitigation techniques [46, 47, 48], while
larger-scale advantage is widely expected to require fault-tolerant quantum computing and care-
ful resource analysis [37, 49, 50].

9 Conclusion

We presented an end-to-end pipeline for estimating VaR and CVaR of a two-asset portfolio from
log-price time series, combining classical Monte Carlo baselines with a simulated QAE work�ow
for tail probability and tail expectation estimation. While the quantum routine does not provide
practical runtime bene�ts on a simulator and is sensitive to discretization choices, it illustrates
how risk measures can be expressed as expectation values amenable to amplitude-estimation
subroutines and provides a reproducible starting point for future work on higher-resolution
discretizations, improved return models, and eventual hardware execution.
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