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Abstract

We study cardinality-constrained portfolio selection as a quadratic unconstrained binary
optimization (QUBO) problem derived from a penalized mean–variance objective. Using a
built-in dataset of daily asset returns spanning 2018–2024 (T = 1759 dates) for N = 10 large-cap
equities, we estimate expected returns and covariances on the first 80% of the time series and
select exactly K = 4 assets with risk–return trade-off parameter α = 0.5. The resulting QUBO
is mapped to an Ising Hamiltonian and minimized using a variational quantum eigensolver
(VQE) instantiated with a depth-p = 2 QAOA-style ansatz optimized for 400 Adam steps on
a statevector simulator; the classical baseline is simulated annealing applied to the identical
QUBO, and exact enumeration over all

(
10
4

)
= 210 feasible subsets is used as an oracle check.

All three optimizers recover the same selection (AAPL, GOOGL, MSFT, NVDA), with QUBO
energy −10.8209 and no constraint violation under the chosen penalty. Sampling the trained
VQE circuit yields a feasible-sample rate of 0.736 for the equality constraint. Evaluated as an
equal-weight portfolio on the held-out 20% test window, the selected subset achieves annualized
return 0.493, annualized volatility 0.223, Sharpe ratio 2.207 (risk-free rate assumed zero), and
maximum drawdown −0.169. Compared to equal-weighting all assets, the selected portfolio
increases return but also increases risk, resulting in a slightly lower Sharpe on this particular
test period.

1 Introduction

Modern portfolio construction is often framed as a trade-off between expected return and risk,
most classically formalized by Markowitz mean–variance theory [1, 2]. In practical settings, however,
investors frequently impose discrete constraints—such as limiting the number of holdings—which
converts an otherwise convex optimization into a combinatorial subset-selection problem. Cardinality-
constrained variants are known to be computationally challenging and motivate heuristic solvers as
well as reformulations into quadratic unconstrained binary optimization (QUBO) models [12, 32].

QUBO objectives admit a direct mapping to Ising Hamiltonians over Pauli-Z operators [15],
enabling the use of both classical heuristics such as simulated annealing [13, 14] and quantum
variational optimization methods. Variational quantum eigensolver (VQE) algorithms [16, 17, 18]
minimize the expected energy of a parameterized quantum state with respect to a cost Hamiltonian;
when the ansatz alternates exponentials of a diagonal cost Hamiltonian and a non-commuting
mixer, the resulting circuit family corresponds to the quantum approximate optimization algorithm
(QAOA) [19] and its generalizations (quantum alternating operator ansatz) [20]. These methods
are natural candidates for QUBO-encoded finance problems and have been explored in the broader
context of quantum computing for finance [30, 31].
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This paper presents an end-to-end study of cardinality-constrained portfolio selection using a
QAOA-style instantiation of VQE on a classical simulator, benchmarked against classical simulated
annealing on the identical QUBO. In addition to summarizing dataset diagnostics, we report
optimization convergence, constraint satisfaction under a penalty encoding, and out-of-sample
portfolio performance on a chronological hold-out period. Because the instance considered here is
small (N = 10), we also compute the exact optimum by enumerating all feasible subsets, providing
a correctness oracle that isolates algorithmic effects from modeling and estimation choices.

2 Dataset and exploratory analysis

The dataset consists of a wide multivariate time series of daily arithmetic returns for N = 10
equities (AAPL, AMZN, GOOGL, JPM, META, MSFT, NVDA, PG, V, XOM) observed over
T = 1759 dates from 2018-01-03 to 2024-12-30. Standard integrity checks confirm that the panel is
complete (zero missing values across all assets) and contains no duplicate dates. The distribution of
calendar gaps between adjacent rows is dominated by 1-day and 3-day intervals, consistent with
trading-day sampling with weekend breaks.

For descriptive statistics, we treat each column as a daily simple return series rt,i and summarize
its sample mean and standard deviation with a 252-trading-day annualization convention [6]. As is
typical in equity returns [7], the distributions exhibit heavy tails and heterogeneous volatilities across
assets. In this sample, NVDA has the largest annualized volatility (approximately 0.515), while
PG has the smallest (approximately 0.201). Such heterogeneity is important for subset selection
because a mean–variance objective combines both expected returns and covariances.

The dependence structure was examined via correlation and covariance matrices, both on the full
sample and on the first 80% chronological window used later as an estimation period. On the 80%
window, the strongest correlation is observed between GOOGL and MSFT (about 0.78) and the
weakest between AMZN and XOM (about 0.20), indicating that the risk term is meaningfully non-
diagonal and that diversification opportunities exist across sectors. The covariance eigen-spectrum
on the same window yields an estimated condition-number proxy κ(Σ) = λmax/λmin ≈ 42, suggesting
moderate ill-conditioning; for larger universes, shrinkage estimators can improve robustness [8].

3 Methods

3.1 Problem formulation

Let rt,i denote the daily arithmetic return of asset i ∈ {1, . . . , N} on date t ∈ {1, . . . , T}. We
adopt a chronological 80/20 split to avoid look-ahead bias: the first 1407 dates define an estimation
window used to compute the empirical mean return vector µ ∈ RN and covariance matrix Σ ∈ RN×N ,
while the remaining 352 dates are reserved for out-of-sample evaluation.

The portfolio-selection decision is encoded by a binary inclusion vector x ∈ {0, 1}N , where xi = 1
indicates that asset i is included. The user-specified cardinality constraint enforces exactly K = 4
selected assets:

N∑
i=1

xi = K. (1)

Following mean–variance theory [1], we use a quadratic risk term and a linear return term, combined
via a trade-off parameter α ∈ [0, 1]. To obtain a QUBO, we incorporate the equality constraint
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(a) Per-asset daily return distributions (boxplots). (b) Correlation matrix on the first 80% (estimation)
window.

Figure 1: Key exploratory summaries supporting mean–variance/QUBO modeling: heterogeneous
marginal volatilities and a non-trivial correlation structure.

through a squared penalty, resulting in the objective minimized in this work:

F (x) =
1− α

K2
x⊤Σx− α

K
µ⊤x+A

(
N∑
i=1

xi −K

)2

. (2)

We set α = 0.5 and annualize µ and Σ by multiplying them by 252, consistent with standard
empirical-finance conventions [6]. The penalty strength A > 0 must be chosen large enough that
violating the constraint is suboptimal; in the executed run, A was selected by an automatic scaling
rule (relative to the magnitudes of the risk and return terms), yielding A ≈ 0.66785.

3.2 QUBO and Ising mapping

Because xi ∈ {0, 1} implies x2i = xi, expanding the penalty term in Eq. (2) yields a quadratic
polynomial in the binary variables and can be written in standard QUBO form [32]:

F (x) = x⊤Qx+ const. (3)

A convenient coefficient choice (absorbing symmetric terms into the upper triangle) is

Qii =
1− α

K2
Σii −

α

K
µi +A(1− 2K), (4)

Qij =
1− α

K2
Σij + 2A, i < j. (5)

In this convention, x⊤Qx is evaluated as
∑

iQiixi +
∑

i<j Qijxixj .
To obtain a cost Hamiltonian suitable for gate-model variational optimization, we map x to Ising

spins zi ∈ {+1,−1} via xi = (1− zi)/2 [15]. Substituting and promoting zi to Pauli-Z operators
produces a diagonal Ising Hamiltonian

HC = c0I +

N∑
i=1

hiZi +
∑
i<j

JijZiZj . (6)
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The constant shift c0 does not affect the minimizing bitstring and is therefore ignored when comparing
candidate solutions; for feasible solutions, different conventions for absorbing constants may shift
reported energies by a fixed offset without changing the argmin.

3.3 Variational quantum optimization (VQE / QAOA-style)

We follow the VQE paradigm [16, 17, 18], minimizing the expected cost energy

E(θ) = ⟨ψ(θ)|HC |ψ(θ)⟩ (7)

with respect to variational parameters θ that specify a parameterized quantum state |ψ(θ)⟩. For
QUBO/Ising objectives, a natural choice is the QAOA ansatz [19] of depth p,

|ψ(γ, β)⟩ =
p∏

ℓ=1

exp
(
− iβℓHM

)
exp

(
− iγℓHC

)
|+⟩⊗N , (8)

with mixer Hamiltonian HM =
∑

iXi. In this work we use p = 2, resulting in four continuous
parameters (γ1, γ2, β1, β2).

The executed run used an analytic statevector simulator to evaluate E(θ) and gradients via
automatic differentiation, implemented with PennyLane [39] and PyTorch [42]. Parameters were
optimized for 400 steps using Adam [41]. After optimization, the circuit was measured in the
computational basis for 6000 shots to generate candidate portfolios; among the sampled bitstrings,
we selected the best feasible solution (Hamming weight exactly K) according to the original objective
F (x). While penalty encodings do not enforce feasibility at the circuit level, feasibility can be
improved by quantum alternating-operator constructions with constraint-preserving mixers [20]; we
revisit this point in the outlook.

3.4 Classical baselines and oracle

As a classical baseline, we applied simulated annealing (SA) [13, 14] directly to the same QUBO
objective, ensuring an apples-to-apples comparison in which only the optimizer differs. The SA run
used 60,000 update steps and a geometric temperature schedule from T0 = 5.0 to Tf = 0.01.

Because the instance is small (N = 10 and K = 4), we additionally enumerated all feasible
subsets of size K (210 portfolios) and selected the best by direct evaluation of F (x). This exact
enumeration is not intended as a scalable baseline, but serves as a correctness oracle for validating
the QUBO/Ising encoding and the quality of heuristic solutions.

3.5 Out-of-sample evaluation

To connect discrete subset selection to realized performance, each selected subset was evaluated
as an equal-weight portfolio over the train and test windows (i.e., weights 1/K on selected assets, 0
otherwise). From daily portfolio returns rt, we report annualized return and volatility as

AnnRet =
(∏

t

(1 + rt)
)252/Twin

− 1, AnnVol = Std(rt)
√
252, (9)

where Twin is the number of days in the evaluated window. The Sharpe ratio is reported as
Sharpe = AnnRet/AnnVol with risk-free rate assumed zero [4]. We also compute maximum
drawdown as the most severe peak-to-trough decline of the cumulative growth curve [10]. For
reference, we compare against a simple diversified benchmark that equal-weights all N = 10 assets.
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Table 1: Dataset and solver configuration for the executed instance.

Assets (N) 10
Dates (T ) 1759 (2018-01-03 to 2024-12-30)
Split Chronological 80/20 (train 1407, test 352)
Cardinality constraint K = 4
Risk–return parameter α = 0.5
Penalty strength A = 0.6678503772
VQE/QAOA depth p = 2
VQE optimizer Adam, 400 steps, learning rate 0.18
VQE sampling 6000 shots; feasible-sample rate 0.736
Classical baseline Simulated annealing, 60,000 steps (T0 = 5.0, Tf = 0.01)

Oracle Exact enumeration over
(
10
4

)
= 210 feasible subsets

Table 2: Solution quality and runtime. The “risk” and “return” columns correspond to the first two
terms of Eq. (2); for all reported solutions the penalty term is zero (feasible portfolios).

Method QUBO energy Risk Return F (x) total Runtime (s)

VQE (QAOA, p = 2) −10.820878 0.034973 −0.170245 −0.135272 77.67
Simulated annealing −10.820878 0.034973 −0.170245 −0.135272 3.50
Exact enumeration −10.820878 0.034973 −0.170245 −0.135272 0.01

4 Results

Table 1 summarizes the main configuration choices for the executed run. We report solver
agreement, convergence behavior, and out-of-sample performance in turn.

4.1 Optimization outcomes, convergence, and runtimes

All solvers converged to the same portfolio, selecting {AAPL, GOOGL, MSFT, NVDA}. The
corresponding bitstring (ordered as AAPL, AMZN, GOOGL, JPM, META, MSFT, NVDA, PG, V,
XOM) is

(1, 0, 1, 0, 0, 1, 1, 0, 0, 0). (10)

Table 2 reports the objective decomposition and wall-clock runtimes.
For convergence diagnostics, Figure 2 compares the VQE optimization trace with the best-so-far

energy trajectory of simulated annealing. Figure 3 shows the distribution of sampled Hamming
weights from the trained VQE circuit. Under the penalty encoding and the selected A, 4417 out of
6000 samples satisfy the equality constraint (feasible rate 0.736).

4.2 Out-of-sample portfolio performance

Because VQE, SA, and enumeration return the same subset, their realized performance is
identical. Table 3 reports performance on the estimation (train) and hold-out (test) windows for
the selected subset and for the equal-weight-all benchmark.

Figure 4 visualizes cumulative growth on the test window. On this period, the selected subset
achieves higher cumulative return but experiences larger drawdowns than equal-weighting the full
universe.
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(a) VQE/QAOA energy during training. (b) Best-so-far QUBO energy during SA.

Figure 2: Optimization traces for the variational quantum solver and simulated annealing baseline.

Table 3: Equal-weight realized performance for the selected subset and the equal-weight-all bench-
mark.

Window Strategy Ann. return Ann. vol. Sharpe Max drawdown

Train Selected (VQE/SA/Exact) 0.333963 0.322680 1.034967 −0.401651
Train EqualWeight(ALL) 0.230889 0.253457 0.910958 −0.316858

Test Selected (VQE/SA/Exact) 0.492752 0.223244 2.207237 −0.169171
Test EqualWeight(ALL) 0.369430 0.145988 2.530550 −0.103736

5 Discussion

For the studied instance (N = 10, K = 4), the variational quantum solver reproduces the
exact optimum, demonstrating that the end-to-end pipeline—from empirical estimation of (µ,Σ)
to QUBO/Ising construction and variational optimization—is internally consistent. At the same
time, the runtime comparison underscores an important practical point: on classical hardware,
statevector-based simulation of VQE/QAOA is substantially more expensive than classical heuristics
such as simulated annealing, while exact enumeration is trivial at this scale. Consequently, the
present experiment should be interpreted primarily as a correctness and workflow demonstration
rather than evidence of computational advantage.

From a constraint-handling perspective, the penalty formulation yields a substantial mass of
feasible samples (0.736). Nevertheless, a non-negligible fraction of measurement outcomes violate the
equality constraint and must be discarded during decoding. For larger problems, this post-selection
overhead can be reduced by using constraint-preserving mixers within the alternating-operator
framework [20], or by considering hybrid strategies such as biased initial states, penalty schedules,
or risk measures that encourage feasibility.

The relationship between the optimization objective and realized performance is also non-trivial.
The selected subset attains higher annualized return on the test period than the equal-weight-all
benchmark, but with higher volatility and deeper drawdowns; accordingly, the benchmark achieves
a slightly higher Sharpe ratio on this specific out-of-sample window. This highlights that the QUBO
objective in Eq. (2) captures only one particular risk–return trade-off and depends on noisy estimates

6



Figure 3: Histogram of sampled Hamming weights
∑

i xi after VQE/QAOA training. Feasible
solutions correspond to weight K = 4.

of µ and Σ from a fixed window. In applied settings, one would typically incorporate additional
modeling elements such as transaction costs, turnover limits, and more robust return/covariance
estimators (e.g., shrinkage or Bayesian priors) [8, 5].

Finally, like other variational methods, QAOA-style circuits can exhibit optimization pathologies
(e.g., barren plateaus) for certain ansatz choices or scalings [21]. While the present problem is small
enough to be well-behaved, scaling studies should monitor trainability, shot noise, and the effect of
noise and error mitigation [24, 25].

6 Future outlook and recommendations

6.1 Algorithmic improvements for constrained portfolio QUBOs

A direct penalty formulation with the standard X-mixer is attractive for its simplicity, but it
does not restrict the quantum state to the feasible Hamming-weight-K subspace. For larger N
and tighter constraints, incorporating constraint-preserving mixers within the alternating-operator
framework [20] is a principled way to increase feasible-sample rates and to reduce post-selection
overhead. Beyond feasibility, practical QAOA deployments often benefit from refined objective
surrogates; for example, risk measures based on conditional value-at-risk (CVaR) and related
functionals can be used either at the finance-model level [9, 36] or as a variational objective that
emphasizes low-energy tails of the measurement distribution [26].

6.2 Modeling robustness and backtesting

The objective in Eq. (2) depends on empirical estimates of µ and Σ, which are noisy and non-
stationary in real markets. Two immediate extensions are (i) rolling-window or expanding-window
backtests to quantify temporal stability, and (ii) robustness improvements to covariance estimation
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Figure 4: Cumulative growth on the test window for the selected subset (VQE/SA/Exact, identical)
versus equal-weighting all assets.

(e.g., shrinkage) [8]. For expected returns, incorporating equilibrium priors and analyst “views” via
Black–Litterman [5] can reduce sensitivity to sampling error. Sensitivity sweeps over (α,K) can
also reveal whether the selected subset is stable to modest changes in the risk–return trade-off and
diversification level.

6.3 Scaling considerations and hardware outlook

Even for classical simulation, the dense mean–variance risk term induces O(N2) pairwise
couplings, and a direct gate decomposition typically requires many entangling operations. On
quantum hardware, both the number of entangling gates and the number of measurement shots
(to estimate energies) become the dominant costs. Figure 5 reproduces a representative error-
threshold scaling law for variational algorithms, illustrating that the tolerable per-gate error
decreases approximately inversely with the number of entangling gates [49]. This trade-off aligns
with the broader view that near-term devices can support only relatively shallow circuits before noise
dominates [24], motivating shallow ansätze, problem-structure exploitation, and error-mitigation
techniques [25].

6.4 QPU execution outlook (not executed in this work)

All results in this report were produced on classical simulators. This run does not include a
hardware-QPU experiment; if such execution is added in future runs, the main changes would include
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Figure 5: Illustrative scaling relationship between entangling-gate count and tolerable error rates
for variational algorithms, adapted from an error-threshold analysis [49]. Although derived in a
quantum-chemistry context, the qualitative message (deeper circuits demand proportionally lower
error rates or stronger mitigation) applies broadly.

shot-based energy estimation, careful choice of measurement-grouping strategies, and the use of
error mitigation to compensate for noise. Near-term roadmaps anticipate substantial improvements
as systems transition toward error-corrected computation [50]; in that regime, deeper QAOA circuits
and larger asset universes may become feasible.

7 Conclusion

We presented a complete workflow for cardinality-constrained portfolio selection formulated as a
penalized mean–variance QUBO and solved using a QAOA-style instantiation of VQE, benchmarked
against classical simulated annealing on the same objective. On a 10-asset universe with a K =
4 constraint, the variational quantum solver, simulated annealing, and exact enumeration all
identify the same optimal subset (AAPL, GOOGL, MSFT, NVDA). Out-of-sample evaluation on a
chronological hold-out period shows strong realized returns for the selected subset, accompanied by
increased volatility and drawdown relative to an equal-weight-all benchmark.

While the small size of the instance precludes claims of computational advantage, the study
validates the modeling and optimization pipeline and highlights concrete directions for scaling: im-
proving constraint handling (e.g., constraint-preserving mixers), strengthening statistical estimation
and backtesting, and accounting for the hardware costs of dense quadratic objectives.
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